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Abstract--In this study the periodic cracking of an elastic coating bonded to a homogeneous
substrate is considered. The problem is assumed to simulate the segmentation or "mud-flat" cracking
of ceramic layers used as thermal barrier coatings in stationary and aircraft gas turbine engines. By
expressing the displacements in terms of a combination of finite and infinite Fourier transforms, the
corresponding mixed boundary value problem is reduced to an integral equation with the crack
surface displacement as the unknown function. The main objective of the study is the examination
of the influence of the length parameters c/b and b/h and the stiffness ratio 112/111 on the crack tip
stress intensity factors, the crack opening displacement, the strain energy released as a result of
periodic cracking, and the in-plane tensile stress on the coating surface, where c. h, fl, 111 and 1'"
respectively, are crack spacing, crack depth, coating thickness, shear modulus of the coating, and
shear modulus of the substrate. The case of a periodically cracked strip is investigated separately
and the stress intensity factors under fixed-load and fixed-grip conditions are compared. Also, the
validity of the assumption made in simple energy balance calculations to the effect that the entire
strain energy contained within the volume of the cell is released during periodic cracking is studied.
It is shown that such an assumption is valid only for very small values of relative crack spacing ciI,.
,(") 1998 Elsevier Science Ltd. All rights reserved.

I. INTRODUCTION

Various ceramic coatings have been used in stationary and aircraft gas turbine engines
for over twenty years to improve thermal efficiency and mechanical durability. In these
applications the primary function of the coating has been the protection of metallic sub
strates against heat and corrosion (see, for example, Hodge et al., 1980; Sumner and
Ruckle, 1980; Grot and Martyn, 1981 ; Miller and Lowell, 1982; Pettit and Goward, 1983;
Miller and Berndt, 1984; Sheffler and Gupta, 1988; Wortman et al., 1989). Since the
common coating materials such as partially stabilized ziconia are generally transparent to
oxygen diffusion, very often a corrosion resistant bond coat (generally an NiCoCrAIY
alloy) is also used as an interlayer between the coating and the substrate for shielding against
corrosion. Field observations as well as laboratory tests indicate that the predominant mode
of failure in these layered materials is spallation resulting from a crack in the ceramic
coating parallel and close to the interface. The crack growth is driven by thermal excursions
and, in some cases, very small amplitude and high frequency cyclic loading. Spallation is
usually caused by the in-plane compression of the ceramic layer. However, the ceramic
coating is also susceptible to surface cracking during the tensile part of the load cycle.

Surface cracks in ceramic components or coatings may be either a single dominant
crack or a roughly regular array of periodic cracks (Grot and Martyn, 1981 ; Nied, 1990).
This mud-flat type periodic cracking that occurs in ceramics is generally the consequence
of residual stresses. Since the residual stresses are statically self-eq uilibrating, generally the
cracks are relatively shallow surface cracks. From a practical viewpoint an important
mechanics problem is finding a relationship between the magnitude of the external loads
and the length parameter describing the crack periodicity for a given material characterized
by its fracture toughness and other mechanical constants. A simple energy balance concept
used for this purpose assumes that during the cracking process the total strain energy in
the surface layer of depth b is released and is converted to fracture energy necessary for
creating the cracks, where b is the crack depth (Nied, 1990). The configuration of cracks
or the shape of the "cell" must be such that for a unit surface area the ratio of the released
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Fig. l. Geometry of periodic cracks in elastic coatings.

energy to the dissipated energy is maximized (Nied, 1990; Erdogan and Ozturk, 1995).
Thus, once the cell configuration is determined, the desired relationship between the cell
size and the external load may be obtained from the energy balance given by

Ab W = Sb'!Je /2 (I)

where A is the surface area of the single cell, b is the crack depth, W is the strain energy
density, S is the peripheral length of the crack in a single cell and '!Je12 is the energy required
to create a unit fracture surface. For example, if the medium is under biaxial tensile strain
GO near the surface, it may be shown that the cell is a regular hexagon having a side c,
A = 3.}3(c2/2), S = 6c, and from (I) we find

W = &5/(1- V), (2)

Similarly, in plane problems described by Fig. 1a the cracking would take place
perpendicular to maximum tensile stress and it may easily be shown that

W 1£2
= ~ 80~ (3)

under plane stress conditions (ace = 0, Dry = 1":0),

(4)

for plane strain case (Eee = 0, Bn = Eo), and

for biaxial loading Gyy = 8) and Gee = G2'

The method described above for estimating the cell size of periodic cracking from the
magnitude of the external loads and the fracture toughness of the material is very useful
for screening and for preliminary calculations. There are, however, a number of questions
that need to be examined: How good is the assumption of total release of the strain energy
in the cell? What is the actual stress intensity factor? How does the surface stress depend
on the cell size? What is the influence of the crack depth? For arbitrary part geometries and
loading conditions, the problem is highly complicated and these questions are very difficult
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to study. However, if the part surface is relatively flat, then for general loading conditions
for which the principal in-plane strains are biaxial and unequal, the local perturbation
problem can be reduced to a plane strain problem shown in Fig. la and the periodic cracking
problem can be analyzed.* For hexagonal cracking the problem is three-dimensional and
analytically intractable.

In this study the somewhat more general problem of plane periodic cracking shown in
Fig. 1b is considered. For a = 0 the problem reduces to the main surface crack problem
given by Fig. la. Figure Ib can also be used to investigate the crack/contact problem in
which near and at x = 0, because of residual compressive stresses, the crack surfaces may
be in contact and the crack may form a cusp. The plane periodic crack problem for a
homogeneous elastic half space was previously considered by Benthem and Koiter (1973),
Bowie (1973), Nemat-Nasser et al. (1978) and Nied (1987). Two limiting cases of the
problem shown in Fig. I, namely a homogeneous layer and an elastic coating bonded to a
rigid substrate, are obtained by substituting 112 = 0 and 112 = 00, respectively, /12 being the
shear modulus of the substrate.

2. THE FORML'LAnON

Consider the plane strain problem shown in Fig. Ib. We will assume that through a
superposition the problem is reduced to a local perturbation problem in which self-equi
librating crack surface tractions are the only nonvanishing external loads. Because of
periodicity, it is sufficient to consider the problem for 0 < Y < c only. The equations of
plane elasticity

(

;'12 U ' (;'12 1,)• 2 (/ I I, i
(K-l)V u+2-··+--· =0

I , ox2 axDy ,

(i = 1,2) (6)

would then have to be solved under the following boundary and continuity conditions:

0'1 n(x, 0) = 0, (Tlx,(X, c) = 0, 1'1 (x, c) = 0, 0 < x < h,

0'1 n(O,y) = 0, (TIXI(O,y) = 0, 0 < y < c,

(T2xy(X, 0) = 0, (T 2\'(X, c) = 0, V2 (x, 0) = 0, 1.'2 (x, c) = 0, h < x <00,

(Tlxx(h,y) = (T2n(h,y), O'Ix,(h,y) = 0'2x,(h,y),

(7)

(8)

(9)

UI (h,y) = u2(h,y), VI (h,y) = v2(h,y), 0 < Y < C,

(T 1jI'(X, 0) = p(x), a < x < b.

VI (x, 0) = O. 0 < x < a. b < x < h

(10)

(II a)

(II b)

where subscripts i = I and i = 2 refer to the coating and the substrate, respectively and
K = 3-4v for plane strain and K = (3 - v)/(I +v) for plane stress conditions. In (7)-(11) the
symmetry conditions have been used and p(x) is a known arbitrary function.

* In most applications the thickness of the substrate is much greater than that of the coating and the elastic
constants of the bond coat are roughly the same as that of the substrate. Hence, the elasticity problem for the
three-layer composite may closely be approximated by that of an elastic coating bonded to a semi-infinite elastic
medium shown in Fig. 1.
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By expressing the solution of (6) in terms of the sums of finite and infinite Fourier
transforms, it can be shown that (Schulze, 1995)t

-x.;

uI(x,y) = L ((AI +A 2x)e-',,'+(A,+A 4 x)e'''')COS(lXnY)
/1oo=-O

+ ~~ {X, ~((lfJlBI + K I B2 + IPIB2y) e-IIJlr

- (/fiIB] - K l B4 + IPIB4y) elfil!) elX1J dp,

,
U2(X,y) = L(Cln+C2I1X)e''''COS(lXnY),

n;;:oO

IXn == nnlc.

(12)

(13)

(14)

From (13) and (14) it may be seen that conditions (9) are identically satisfied. The homo
geneous conditions (7), (8) and (10) may be used to eliminate nine of the ten unknowns,
the functions A;(P), Bi(P), (i = I, ... ,4) and the set of constants Cjm (j = 1,2), and the
mixed boundary conditions (II) would then give the remaining one. If we define a new
unknown function

and let

.ltx) = 0, 0 < x < a, b < x < h,

(15)

(16)

all ten unknowns can be expressed in terms ofj(x) and (II b) would be satisfied. Equation
(lla) would then give an integral equation to determine/ex).

Referring to Schulze (1995) for details, and to the Appendix, after some lengthy
analysis the condition (II a) may be reduced to

Ifh lI]. K +I~ ----2 +k]\(x,s)+k2s (x,s)+klx,s) .lts)ds = i---p(x),a < x < b,
1/ (s-x) III

(17)

where k ls and k 2s are the standard generalized singular kernels given in the Appendix that
become unbounded as x and s approach the free boundary x = 0 and the interface x = h,
respectively, and the known function k f contains unbounded terms that are, however,
square-integrable in 0 ~ (x, s) ~ h.

t From the expressions of the kernels given in the Appendix it may be seen that the terms involving n = 0
have no influence on the stresses [see (A3). (A6) and (A 7)].
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3. SOLUTION OF THE INTEGRAL EQUATION

By using the function-theoretic method (Muskhelishvili, 1953) and the properties of
the strongly singular integral equations described by Kaya and Erdogan (l987a,b), it can
be shown that the solution of (30) is of the following form:

.r(s) = F(s)wo(s), woes) = (s-a)"(b-s)p (18)

where F(s) is a bounded function which is nonzero at s = a and s = b and the powers IX and
f3 in the weight function Wo depend on the location of the crack tip. If the crack is fully
embedded into the homogeneous medium I (Fig. Ib), that is, if 0 < a < b < h, then
IX = f3 = 1/2. If a = 0 (i.e., for the case of an edge crack), then IX = 0, and for b = h (the
crack terminating at the interface), f3 may be obtained from the following characteristic
equation

-2cosnf3+m 1 + 12m2!3+4m2(f3-I)(f3-2) = 0, 0 < f3 < I, (19)

where the bimaterial constants ml and m2 are given by (AI4) in the Appendix (Kaya and
Erdogan, 1987b; Schulze 1995).

For numerical solution (17) is expressed in terms of the following normalized quan
tities:

b-a b+a b-a b+a
s=-2- t+---2' x=-2-r+-2' -I «t,r) < I,

b-a n(K+ 1)
.f(s) = -2- ¢(t), ~--p(x) = g(r),

(
b-a)2-2- [k Is(X, s), k 2s (x, s), kt{x, s)] = [h Is(r, t), h2s(r, I), hr(r, t)], (20)

giving

r1 Lt ~ r)2 +hl,(r, t) +h2s (r, t) +hr(r, t) ]cP(t) dt = g(r), -I < r < I. (21)

Also, from (18) and (20) it is seen that

¢(t) = G(t)I'.'(t), w(t) =(I_/)/i(1 +IY (22)

where G(t) is the new unknown function. The orthogonal polynomials associated with the
weight function wet) are the Jacobi polynomials and, in general (21) may be regularized
and solved numerically by defining (Kaya and Erdogan, 1987a,b)

,
G(t) = I AnP~!i.X)(t).

n=O
(23)

In the special case of the embedded crack (0 < a < h < h), IX = f3 = 1/2 and (23) becomes

x

G(t) = I An Un (t)
11::=:0

(24)

where Un is the Chebyshev polynomial of the second kind. By observing that (/_r)-2 is the
only singular term in the kernel, the integral eqn (21) may thus be regularized by using the
following relation (Kaya and Erdogan, 1987a):
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(25)

For other combinations of rx and p. the integral equation is solved by using the technique
described by Kaya and Erdogan (I 987a,b) and Mahajan (1991).

After evaluating the unknown functionf(x) = VI (x, 0), a < x < h, the mode I stress
intensity factors may be defined by and calculated from

(26)

Equations (6) are valid for 0 < a < b < h. For an edge crack a = 0 we have rx = 0,
r------ r~--

)j'o = J h - x, 1'1 (x, 0) = ./(x) = F(x).,j h - x and from (26b) it may be seen that

(27)

Similarly, for a crack terminating at the interface, around the crack tip x = h = h we have
VI(X,O) ~(h_x)fi and 0'2I'(X,O) ~(I/(x--h)I-/I) and referring to (18) the strength of the
stress singularity may again be evaluated in terms of the constant F(h) (see Kaya and
Erdogan, I987b for details).

Once the crack surface displacement VI (x. 0) is determined. the released strain energy
per unit cell (-c < y < c, -~ < z < ~) may be obtained from

I
I> I II>v= -2 :2O'I,,(x,O)vI(x,O)dx = - p(x)f(x)dx.
o 0

(28)

If we now observe that the number of cells per unit length in y direction is 1/2c, the released
strain energy per unit surface area of coating becomes

V I ~I>

VI = ;';--. = - ') .J p(x)./(x) dx.
~( ~(o

(29)

This should be compared with the strain energy UI contained within the volume
(0 < x < h, - ~ < Y < ~, - ~ < z < ~) of the uncracked coating given by

(30)

where, for each relevant loading condition W is obtained from (3)-(5).
Finally. a quantity of considerable practical interest is the surface stress O'ln(O, y),

0< y :( c, as it may have a bearing on further cracking or cell division. Referring to (AI)
the stress on the coating surface perpendicular to the plane of the crack may be expressed
as
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where the kernels K I and K2 are given by (A2) and (A3), respectively. It should be noted
that (31) would give the stress for the perturbation problem solved under the conditions
(7)-( 11). To obtain the correct stress, O'lyr given by the solution of the uncracked medium
under prescribed external loads must be added to that given by (31).

4. RESULTS

In the formulation given in this study the substrate or medium 2 is semi-infinite.
Therefore, the composite medium is fully constrained against rotation and in the uncracked
medium we always have DI,r = c2l) = co. If the medium is loaded mechanically, the crack
surface tractions to be used in the solution of the perturbation problem would be

0'1,,(.\,,0) =p(x) = -Po, O'I,,·(X,O) = °
where

for plane stress loading O'izz = O,Dly,(X, =+= ee) = Bo, and

Ell:o
Po = ---

I-d

for plane strain loading Clee = 0, Blrr(X, =+= ec) = 00, and

(32)

(33)

(34)

(35)

for biaxial loading B1,y(X, =+= CX)) = DI , DleAx, y) = D2' DI > 02' All results given in this section
are obtained for a constant value of and are normalized with respect to Po. For more
complex loading conditions such as thermal shock, p(x) would be a given function obtained
from the solution of the uncracked medium. Also, the numerical results presented in this
study are obtained by assuming that VI = V2 = 0.3.

Some sample results giving the normalized crack surface displacement
b(x) = VI (x, 0)/ Va for an edge crack are shown in Figs 2 and 3. The normalizing factor

(36)

is the surface displacement at the center of a crack of length 2b in an infinite plane under
uniform tension Po perpendicular to the plane of the crack. Figure 2 shows the effect of b/2e
on the crack surface displacement for h = CXJ. For fixed values of b/2e = 0.5 and b/h = 0.9,
the effect of the stiffness ratio 1l2/PI is shown in Fig. 3. The main result of these figures and
other examples considered by Schulze (1995) is that the dominant factor on the crack
surface displacement VI (x, 0) is the h/e ratio, VI (x, 0) -.0 as e -. 0, and the influence of the
crack depth b/h and the stiffness ratio 112/111 is relatively small.

Figures 4--12 show the calculated mode I stress intensity factors k j (b) for the important
case of surface cracks. Some embedded crack results are given by Schulze (1995). The
results are normalized with respect to PoJ!, where Po is given by (33)-(35) and I = b is the
crack length. Figure 4 shows the effect of crack spacing e (0 < C < CX)) on the stress intensity
factor in a homogeneous half plane. This is a known result reproduced here for verification
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Fig. 3. Normalized crack surface displacement in elastic coatings, bl2e = 0.5. b/h = 0.9.
(j = VI (x, O)IVo.Ph P2: shear moduli (see Fig. la).

(Nied, 1987). Note that kl(b) -> 0 for e -> 0 and kl(b) -> 1.1215 PoJl for e -> 00, the latter
being the well-known single edge crack result. For a single edge crack (c = 00), the effect
of the stiffness ratio /.1.2//.1.1 and the relative crack depth b/h is shown in Fig. 5. It may be seen
that as b -> h, kl(b) becomes unbounded for /.1.2 < III and tends to zero for P2 > p" which
are the known expected trends. For various stiffness ratios /.1.2//.1." the effect of relative crack
spacing ble and relative crack length blh is shown in Figs 6-9. Figures show that, except
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Fig. 4. Normalized stress intensity factor in an elastic half plane with periodic surface cracks. I = h.
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Fig. 5. Influence of the stiffness ratio 1121111 on the stress intensity factor in an elastic coating with a

single edge crack. c =YC. (= h.

around b = h, the dependence of k) on b is nearly parabolic, as in the case of uniformly
loaded infinite plane (k l = PoJb). This may be seen somewhat better in Fig. 10 where
k) (b) is normalized with respect to a constant PoJh. For fixed values of crack spacing
bl2e = 0.5 and bl2e = 0.1, Figs II and 12 show the effect of stiffness ratio and relative crack
depth on the stress intensity factor. From these results one may conclude that the dominant
factor in the variation of the stress intensity factors appears to be the relative crack spacing.



3624 G. W. Schulze and F. Erdogan

3.0

2.0

1.0

-- b/(2c) = 0.0
=0.1
=0.5
= 1.0

"---------------------------,
------------------------------------~

0.0
0.0 0.2 0.4

b/h
0.6 0.8 1.0

Fig. 6. Normalized stress intensity factor in an elastic strip under constant strain loading with
periodic cracks, II, = 0, I = b.
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Fig. 7. Normalized stress intensity factor in a periodically cracked elastic coating, 11,,'111 = 0.6. 1= b.

In the formulation of periodic surface crack problems, for 112 ¥- 0 the external load is
generally a constant strain applied at infinity through "fixed grips". However, in the case
of a strip with periodic cracks (i.e., for 112 = 0), the loading may be either constant strain
ell, = eo or constant resultant force Poh applied at y = =+= 00. The results given in this study
for 112 = 0 as well as 112 > 0 are for constant strain loading. To explain the difference,
consider a strip 0 < x < h, load it in the y direction so that eyy = eo, fix the grip at y = =+= OCJ

while under load, then introduce a series of periodic cuts along 0 < x < b, Y = =+= 2en,



Periodic cracking of elastic coatings

2.0

3625

1.5

0.5

-- b/(2c) =0
=0.1
=0.5
=1.0
=2.0
=4.0

------------------------------------- -- .. - ..... ...

~-----------------------------

~-----------------------_.-._--._------

0.0
0.0 0.2 0.4 0.6 0.8 1.0

b/h
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Fig. 9. Normalized stress intensity factor in a periodically cracked elastic coating, J.l2iJ.lI = ex, ! = h.

n = 0, 1,2, ... This would cause a reduction in the magnitude of the resultant force (or in
the average stress) in the y direction, while the average strain would remain constant at eo.
On the other hand, during the process of introducing the cracks if we do not constrain the
ends and keep the resultant force constant (e.g., through a dead weight), there would be an
increase in the average strain in the y direction, while the average stress would remain
unchanged. Clearly, the stress intensity factor for the fixed load case would be greater than
the fixed strain case. Since the basic geometry and nature of the boundary conditions are
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Fig. 10. Stress intensity factor in a periodically cracked elastic coating normalized with respect to a
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Fig. II. The effect of the stiffness ratio /12//11 on the normalized stress intensity factor in periodically
cracked elastic coatings. b/2c = 0.5.

the same for both cases, from the perturbation solution given in this study for the constant
strain case it should be possible to obtain the results for the fixed load problem. To show
this, we consider the superposition described in Fig. 13 for a half cell. In all three problems
shown O'xy(x, 0) = 0, O'x,(x, c) = 0 and O'yy(x, c) is such that v(x, c) is independent of x. Along
the shaded boundaries v(x, 0) = O. From superposition it then follows that
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Fig. J3. General description of superposition in an elastic strip with periodic edge cracks.

P=Po+P" v=vo+v,. (37)

Referring to Fig. 13, for the fixed grip case we have

f
ir fir

PI = -Pob+ O"y,(x, 0) dx = (J'l'l(X' c) dx.
o 0

(38)

The third figure with VI = 0 corresponds to the perturbation problem considered in this
study. Note that since VI = 0 and the applied load Po is compressive, the resultant force PI

is expected to be negative. In this case the known quantity is Co and Po is given by (33) or
(34).

In the case of fixed load the known quantity is Po or P = Pa = hpo and

where 60 is related to Po through (33) or (34) and VI is an unknown positive constant.
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Fig. 14. Comparison of stress intensity factors for a periodically cracked elastic strip under fixed
strain and fixed load conditions.

]n the problem under consideration the uncracked solution corresponding to the
middle configuration in Fig. 13 is the same for both fixed grip and fixed load cases. The
configuration on the left describes the real problem where in the fixed grip case v = vo,
P = P, < Po and in the fixed load case P = Pu = Po, v > lio. In both cases since P is the
magnitude of the applied loads, the stress intensity factor may be expressed as

(40)

where the function/;) depends only on the geometry and the material constants. If the stress
intensity factor k I , for the fixed grip case is known, then from (40) and (38) the stress
intensity factor k ,u for the fixed load case may be obtained as follows:

(41 )

Poh
------_._--_._.__.~-.

I
ii

Poh - Pob + O"rr(X' 0) dx
h I

ii

Poh + 0"11 (x, c) dx
o

(42)

where O"I'(X, y) used in (42) is evaluated from the fixed-grip perturbation problem (third
configuration in Fig. 13 with v, = 0) and, again Po and Eo are related through (33) or (34).

Considerations similar to (41) apply to all other calculated quantities given in this
study. For example, the stress intensity factors kj(a) and k,(b) for the embedded cracks,
the crack surface displacement V1(X,0) =f(x) and the surface stress O"yy(O,y) under fixed
load conditions may be calculated by multiplying the quantities obtained from, respectively,
(26), (17) and (31) under constant strain loading by pu/P, ratio [given by (42)]. Also note
that the ratio P,jPu gives the reduction in the stiffness in the y direction due to periodic
cracking, that is P,jPo = Eavi E where Ea, is the average longitudinal stiffness of the cracked
strip.

Figure 14 shows the comparison of the stress intensity factors in a periodically cracked
elastic strip under fixed grip and fixed load conditions. Note that the difference becomes
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Fig. 15. Geometry of a single cell in a periodically cracked infinite plane (11 = x .. h = Cf) and a strip

with finite thickness 11. h = 1/12.

quite significant as the relative crack spacing 2e/b decreases. Another interesting comparison
of the fixed-grip stress intensity factor for very small values of e may be made with the
exact solution obtained from tearing of a long strip or an infinite medium containing semi
infinite periodic cracks under constant strain loading (Fig. 15). In the infinite strip shown
in Fig. 15a, using energy balance considerations, the stress intensity factor may be calculated
as

J
--------- -----.----~

2c C
kif =2fl.8 o ----=jJo(l--\')J~~.---,

n(/(-I) n(1-2v)
(43)

from which, for v = 0.3, it follows that

k, J.

--, = 0.6244,
jJo.jc

k h JCor---';= = 0.6244-.
Pojh h

(44)

In the periodic crack examples shown in Fig. 14. the configuration closest to Fig. 15a (or
that wit!l smallest c) is h/2e = I, which at hjh = 0.5, gives c/h = 1/4 or
klY/PoJh = 0.3122. Figure 14 shows that around h/Il = 0.5 this result agrees rather well
with the periodic crack solution.

Some sample results showing the released strain energy as a result of periodic surface
cracking of elastic coatings under fixed strain loading are given in Figs 16 and 17. Figure
16 shows the normalized strain energy VI/VI for h/h = 0.9 and various values of li1'll, as a
function of the crack spacing c/b, where VI and UI have been evaluated from (29) and (30),
respectively. Similarly, the influence ofh/h, lie/fl.1 and c!h on V\/U, is shown in Fig. 17. The
simple energy balance concept used in estimating the crack spacing for a given loading Do [see
(3)--(5)] is based on the assumption that VI = UI • The figures indicate that the assumption is
valid only for very small values of c and becomes progressively worse as fl.e/fl.1 and c/b
increase and as b/Il decreases.

Finally, Figs 18-20 show the distribution of the surface stress (Tln(O,y) in the coating,
again under fixed-grip loading conditions. Figure 18 shows the result for a homogeneous
half plane. The surface stress for a coating bonded to a rigid substrate is shown in Fig. 19
and the effect of the stiffness ratio fl.e/fll is described in Fig. 20. Note that at y = 0 the stress
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Fig, 16, Influence of the stiffness ratio 112/111 on the normalized strain energy released as a result of
periodic cracking, h/h = 0,9,
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Fig, 17, Influence of Ill/Ill and bjll on the normalized strain energy released during periodic cracking,

is zero and, as expected, monotonically increases with increasing y. Also the surface stress
tends to increase with increasing crack spacing clb, decreasing crack length and increasing
substrate stiffness /12//11'

5, CONCLUDING REMARKS

Observing that the problem is linear, the results found in this study may be applied to
any combination ofmechanical, thermal and residual biaxial stresses by using superposition,



Periodic cracking of elastic coatings 3631

1.0

0.8

0.6

0.4

0.2

b/2c =0.1
=0.125
=0.25

------------------,."
....-....

;"
/

/
/

/
/

/
/

1
1

1.00.80.60.40.2
0.0 <--_--'--_--'-_~'___...L__ _'___ ___l__"'___ _'___~_ ___'

0.0
y/c

Fig. 18. The distribution of the surface strain (),,(O. y) in a periodically cracked half plane.
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Fig. 19. The distribution of surface stress ()]}'f(0, y) = (),.,. in a periodically cracked elastic coating
bonded to a rigid substrate. li2 =XJ, bl2e = 0.125.

In formulating the problem the crack surface tractions have been used as the external load.
To obtain the actual stress state in the medium the solution of the problem in the absence
of periodic cracks needs to be superimposed on the stresses found in this study. However,
this would not have any influence on the stress intensity factors and the crack surface
displacements. It should also be pointed out that the crack surface tractions used in the
formulation are arbitrary functions of the depth coordinate x. Therefore, the technique
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Fig. 20. The influence of the stiffness ratio /l21111 on the surface stress <1ln(O,)") = <1" in a periodically
cracked elastic coating. b/h = 0.5, bi2c = 0.125.

developed is readily applicable to surface cracking caused by external loads that would give
in-plane stresses in the coating which are not uniform. An important practical problem that
can be studied by using this technique would be the periodic surface cracking of the coating
under thermal shock conditions. In solving this and other transient problems one would,
of course, have to assume that the inertia effects are negligible.

[n closing it may be observed that the method developed and the results found in this
study may be applicable to periodic cracking of any fully constrained and biaxially loaded
coating/substrate system in which hi « h2 and the in-plane principal strains are unequal,
where hi and h2 are the thicknesses of the coating and the substrate, respectively. This
includes nearly all composite plate and shell problems under quasi-static mechanical and
thermal loading.
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APPENDIX

Referring to Schulze (1995), the mixed boundary condition (II a) may be expressed as

/{ +1 f'_1_p(X) = lim [Kdx.v, .1')+ K,(x,v,s)]f(s) dol',
PI I'--d) II

a < x < b, (AI)

(((.1'-- 2c)P -I) 1"/" + I -yfJ) p'/')+ -------------- Pcos(fi(s - xl) dP,
rr(e'fi, --I)'

( vnrr
)2((£1" +E,,,) I' "<n') + (E,,, +£4,,) e"m')rrllcos :_~

K,(x,y,s) = I----
11 __ 1

(A2)

(A3)

where £1","" E,,, are known functions of x and .I' (see Schulze, 1995). In order to solve the integral eqn (AI) the
singular behavior of the kernels K , and K, must be examined and their principal parts must be separated. This
may be done by examining the asymptotic nature of the integrand in (A2) for p..... CX) and the terms in (A3) for
n ..... oc. Thus, for small values of (s-x) and for p ..... co, the asymptotic value of K , is found to be

I I'K,a(x,y.s) = - -(4fJ+4p'y)e ';'cos(f3(s-x))dfJ
7f (I

=_.4 ( ..,)".:-JI-'l:'_ + _2}_'2(_y,-=~(,s_=-_.\_.)_'))

rr (v'+(x-s)')' (.1"+(.1'--.\)')1'

Taking the limit y ..... 0, from (A4) it follows that

.41
hmK1a(x,l',s) =---.
, .. II . rr (.I' -x)'

(A4)

(A5)

Similarly, for n ..... CX) and (s+x) ..... 0 (i.e., as the crack tip approaches the free surface) from (A3) the asymptotic
value of K, may be obtained as (Schulze 1995)

~ 4rr " ,K,,,(x,y,s) = L -(5(" -3rr(x+s)cn+2n'sxrr') I'
1 ('4 (

v
nrr

)1.\ ,. I'Jllit'(n cos ~ . (A6)

Also, for II ..... oc and small values of (2h-s-x), that is, as the crack tip approaches the interface, from (A3) we
find
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K
2h

(X,y.S) = f 4n((\OIl!K'-(\-K')(K,-9)Il'Il~ -(9+'1!IlD~_ 3n(s+x-2h)(1l2-11,)n
2

,,~, C
2(PIK, +P2)(1l1 +K,Il') c'(1l1 +K,p,)

_ 2n
2
(s-h)(x-h)(1l2 -IlJln~)c-nnl2h _

C
4 (PI +K,P,)

Ifwe now sum the series and take the limit y --> O. from (A6) and (A7) we obtain

IimK
2h

(x.y.S) = k,(x.s) = 4n (~pfK2~-=K')(!~'-=~)P2E2-(9+Kn!IDFI(112)
_"0 c'(PIK,+II,)(PI +KIII,)

(
ymr.)cos ~" (A7)

(AS)

_ 3n(s+x ~ 2h)(P'. - pdF,(O,) _ 2n'(s-h)~-';-h)(Il"- P, )F) (02)). (A9)

C(Il,+K,II,) c (PI+/'IP2)

where

I sinh 0 cosh 0 .j.. 2
F,U) = 2(cosh-I)-1-)' F,(O) =-----. F,(O) =-----'-,

. 2(coshll-I)' 2(coshO-·1)2

0, = ~(s+x). II, = ~(2h-s-x).
c c

(AIO)

Note that the leading teons in the singular kernels k , and k, delined by (AS) and (A9) may further be
separated giving the following more familiar expressions

x = h-x.

I 12x 12x)
k ,,(x• .1') = - ------ + ----_. - '-----.

(S+X)2 (s+xf (S+X)4

4
k,(x.s) = ;:;k,,(x.s)+k't{x.s),

m, + 12m, 12m,X 12m2 X 2
k,,(.x,s) = -'- --= -- -- -'- +---

2(X+5)' (X+S)' (X+,S')4

1

101';K2 -(I-K,)(K I -9)Il,P2 -(9+KiJ"i
5 = h-s.m l = ---------.--:--;-------:-

()11 K, +1l2)(,1 , +)l2 KI)

II, -II,
m,=---

. '" + 112 1"

(All)

(AI2)

(A 13)

(AI4)

where k" and k2• are the standard generalized singular kernels that become unbounded as x and s approach the
free boundary x = 0 and the interface x = h, respectively. and kif and k,! are bounded in the closed interval
o~ (x• .I) ~ h. Finally. we observe that the integral eqn (A I) may be expressed as

I e/, [ I J_ K I + I'-J ----;- +k,,(x,s)+k,Ax.sJ+k/(x,sJ ./(s)ds = -4--p (x).a < x < b.
n" (s-x)' __ m l

where the known function k t is square-integrable in () ~ (x. s) ~ h.

(AI5)


